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Abstract—This paper deals with distributed estimation fusion
under unknown cross-covariance between errors of local esti-
mates. We propose a constraint to restrict the set of possible cross-
covariance matrices first. Then this constraint, named allowance
degree of cross-covariance, is used to derive a fusion method.
Based on the allowance degree, we present an optimal robust
fusion method in the minimax sense via semi-definite program-
ming and also a suboptimal fusion. We analyze the properties
of the proposed fusion methods and describe the relationship
between the suboptimal fusion and some existing fusion methods.
Numerical examples are given to illustrate their performance
compared with the traditional covariance intersection method.

Index Terms—Estimation fusion, robust fusion, minimax, semi-
definite programming, covariance intersection.

I. INTRODUCTION

Estimation fusion, which is the problem of best utilizing

useful information contained in multiple sets of data for the

purpose of estimating a quantity [1], has been intensively

studied for more than thirty years, due to its widespread ap-

plications in many practical areas, such as multi-sensor target

tracking, integrated navigation, and multi-vehicle simultaneous

localization and mapping. The key to estimation fusion is

dealing with the cross-correlation of local data. According

to how the cross-correlation is handled, existing linear fusion

methods can be generally classified into two basic groups:

1) Fusion under exactly known cross-covariance. Examples

include the optimal weighted least squares (OWLS) fusion

(i.e., estimation fusion based on the OWLS criterion) and the

linear minimum mean-square error (LMMSE) fusion. In the

OWLS fusion, the cross-covariance of local estimation errors

is needed, while the LMMSE fusion needs the extra cross-

covariance between local estimation error and the estimand

(i.e., what is to be estimated) [1]. Exact and explicit formulas

for computing these cross covariances were provided in [2].

Note that, under the linear Gaussian assumption, the OWLS
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and the LMMSE fusion are actually the maximum likelihood

(ML) fusion and the maximum a posteriori (MAP) fusion,

respectively [3]. For linear dynamic systems, reference [4]

presented a recursion to compute the error cross-covariance

of the local estimates and the ML fusion was derived in [5].

The MAP fusion was provided in [6] and its performance

was evaluated in reference [7]. The information matrix fusion

(IMF) does not need to compute such cross-covariance [8].

However, it decouples the cross-correlation of the local data

by information increments, which can be viewed as converting

the cross-covariance to zero, and thus IMF and its extensions

(e.g., [9], [10]) are also classified into this group.

2) Fusion under totally unknown cross-covariance. Exam-

ples include covariance intersection (CI) [11] and its deriva-

tives (e.g., [12], [13], [14], [15]). CI fusion gives a weighted

sum of local estimates and the weights are chosen to minimize

the trace or determinant of the fused mean-square error (MSE)

matrix. Reference [15] derived a closed-form solution for

CI fusion in low-dimensional cases. A generalized convex

combination framework for estimation fusion was proposed in

[14] and a relaxed Chebyshev center covariance intersection

(RCC-CI) was derived there. Strictly speaking, RCC-CI is a

nonlinear fusion algorithm since the weights for the fusion are

functions of the estimates to be fused. However, it still assumes

that nothing about the cross-covariance is known. Reference

[16] proposed a covariance union (CU) method to account for

the inconsistency problem of the local estimates and it is more

conservative than CI fusion.

These two classes are two extremes of dealing with cross-

covariance: the first needs exact knowledge of the cross-

covariance and aims to utilize the information about the

correlation; the second actually takes no advantage of anything

about correlation. However, many practical problems do not

closely fit these two extremes. For example, although the

cross-covariance can not be obtained, there may exist some

information about correlation which can be used to improve

fusion performance. Also, we may have some prior knowl-

edge or experience on correlation and know that local data

are correlated strongly or weakly or correlated within some

degree. Actually, in almost all distributed estimation fusion



problems, local estimation errors are neither uncorrelated nor

linearly dependent, which means the cross-covariance is not

completely unknown. By realizing this, it is a natural idea to

formulate this problem as estimation fusion with constrained

cross-covariance. There exists some work on this topic and we

briefly discuss them next.

In [17], it was assumed that although the cross-covariance

of two random vectors was not known, the maximum cor-

relation coefficient was given. A constraint for the cross-

covariance was then derived and an upper bound was pre-

sented. Based on this bound, [18] developed a general method

named bounded covariance inflation (BCInf) and proposed

a fusion method with the inflated covariance matrix. Two

adaptive BCInf algorithms by probabilistic and deterministic

approaches were developed in [19]. Reference [20] addressed

the fusion problem in which the error cross-covariance was as-

sumed norm-bounded. A robust method was proposed therein

by minimizing the worst-case fused MSE for all feasible cross-

covariances. Note that these few methods are between the two

extremes. Such methods deserve more research, since it will

definitely enrich estimation fusion and help satisfy practical

needs.

This paper also focuses on estimation fusion under unknown

but constrained cross-covariance. We introduce a parameter —

called allowance degree — which can quantitatively measure

the size of the set of all allowable cross-covariance matrices.

Based on this allowance degree, we propose an optimal fusion

method in the minimax sense by semi-definite programming

(SDP) and show its properties. Also, a suboptimal method is

presented for the consideration of computational complexity.

The suboptimal method in essence follows the same approach

as BCInf, but we present it from another insight.

The paper is organized as follows. Section II formulates the

allowance degree of cross-covariance based on introducing a

normalized cross-covariance. Section III presents the optimal

fusion by SDP and a suboptimal fusion method by BCInf.

Section IV extends the allowance degree to more general

cases and presents fusion methods based on the extended

allowance degree. Properties of the proposed fusion methods

are analyzed in Section V. Section VI designs a maximum

allowance degree fuser. Numerical results are provided in

Section VII. Section VIII concludes the paper.

II. ALLOWANCE OF CROSS-COVARIANCE

Assume that two estimates with their error covariances are

given by

x̂n, n = 1, 2 (1)

A = cov(x̂1 − x) (2)

B = cov(x̂2 − x) (3)

where x is the estimand and A and B are positive definite.

The exact cross-covariance C = cov(x̂1 − x, x̂2 − x) is not

known and we want to introduce a parameter to quantify the

allowance degree of C. This parameter is desired to be of a

finite range so as to clearly denote the two extreme cases:

exactly known and completely unknown.

We start this allowance degree formulation with the com-

pletely unknown case. When the cross-covariance is com-

pletely unknown, C can be any matrix with a compatible

dimension satisfying

R ,

[

A C
C′ B

]

≥ 0 (4)

since R = cov(x̃) ≥ 0, where x̃ = [x̃′
1, x̃

′
2]

′ = [(x̂1 −
x)′, (x̂2−x)′]′ and P ≥ 0 (P > 0) means that P is symmetric

and positive semi-definite (definite). The Schur complement

of A in R is B − C′A−1C, and from the Schur complement

condition for positive definiteness [21], it follows that Eq. (4)

is equivalent to

B − C′A−1C ≥ 0 (5)

since A > 0. Denote by

Q = A−1/2CB−1/2 (6)

the Normalized Cross-Covariance (NCC) and from (5) we

have

QQ′ ≤ I ⇐⇒ λ(QQ′) ≤ 1

⇐⇒ λmax(QQ′) ≤ 1 (7)

where I is an identity matrix of a compatible dimension, λ(·)
denotes eigenvalues and λmax(·) denotes the maximum eigen-

value. When the cross-covariance is completely unknown, the

feasible set of cross-covariance is

U , {C : λ(QQ′) ≤ 1} (8)

The constraint is actually on the maximum eigenvalue of QQ′

due to the equivalence of Eq. (7). Note that nothing on C
is added or neglected here and this is an immanent constraint

for cross-covariance C. Inspired by the above equation, we can

represent the cases between the aforementioned two extremes

by shrinking the set (8) with a parameter ρ, that is,

Uρ , {C : λ(QQ′) ≤ ρ} (9)

where 0 ≤ ρ ≤ 1. Then we define ρ as the allowance degree

of cross-covariance. Clearly, ρ possesses the desired property

— the “standard” range [0, 1]. For the completely unknown

case1, Uρ = U and ρ = 1. For the exactly known case, ρ = 0
and C = Q = 0. However, when the allowance degree ρ =
0, it can only indicate the uncorrelated case (i.e., C = 0),

rather than the case with any known C 6= 0. This might be

a limitation of the formulation (9) and we will handle it in

Section IV.

Remark 1: The finite range property of the allowance

degree is achieved by normalizing the cross-covariance. For

a formulation directly based on cross-covariance rather than

NCC, such as the traditional formulation for robust estimation

(e.g., [20]), this property will not hold. NCC is different from

the sub-matrix (off-diagonal block) of the correlation matrix.

1So far, it may be appropriate to use terms “full allowance” and “no
allowance” to denote the “completely unknown” and “exactly known” cases,
respectively. However, the latter terms seem more intuitive and clearly
understandable. So we keep using them throughout the paper.



The correlation matrix of n random variables a1, . . . , an is the

matrix whose (i, j) entry is the correlation coefficient between

ai and aj . However, the entries in NCC are not correlation

coefficients unless A and B are diagonal matrices. What is

more, if it is the sub-matrix of the correlation matrix rather

than NCC is used, Eq. (5) will not hold and the formulation

of allowance degree ρ will be complicated.

Remark 2: When A, B, and C are all diagonal, ρ is equal

to the maximum square of the correlation coefficient. In this

case, our formulation reduces to the one in [17], i.e.,

ρ = r2max

where rmax denotes the maximum correlation coefficient be-

tween elements of x̃1 and x̃2. However, generally, A, B, and

C are not necessarily diagonal. Even in the case that A and

B are diagonal, the inequality λ(QQ′) ≤ r2max does not hold

for nondiagonal C. For example, we have

A =

[

1 0
0 2

]

, B =

[

3 0
0 4

]

and

C =

[

0.1732 0.4000
0.7348 1.1314

]

The maximum square of the correlation coefficient can be

easily calculated as

r2max = 0.16

However, it can be verified that λ(QQ′) ≤ 0.2987 > r2max.

Remark 3: From (9), we can see that the allowance degree

is defined as the maximum eigenvalue of the squared-NCC.

The definition somewhat lacks physical meaning and intuition,

and it seems hard to determine the value of the allowance

degree. However, we can justify our formulation as follows: a)

Cross-covariance itself is not an quantity with much physical

meaning and so is its constraint. The maximum correlation

coefficient seems better but we now know it has fatal flaws to

be treated as a constraint. b) We can use a method similar to

that of [19] to determine the allowance degree, which does not

require any intuition. c) Even if we can not get an allowance

degree precisely, we will see in the following section that it

still has contribution to fusion as long as it is not 1. d) The

allowance degree has a finite range and it defines a convex

set of cross-covariance, which will make the corresponding

fusion relatively simple. This provides a balance between the

formulation and the solution.

III. ROBUST LINEAR FUSION

Suppose that the allowance degree ρ is given and we want

to fuse the two estimates of (1). In order to accommodate more

general cases, we use the unified linear model of [1] here and

reformulate the problem as follows.

Give two measurements on the estimand x as
[

a
b

]

= Hx+

[

v1
v2

]

where E[v1] = 0, E[v2] = 0, cov(v1) = A > 0, cov(v2) =
B > 0 and H has full column-rank. The cross-covariance

C , cov(v1, v2) is unavailable but the allowance degree ρ is

given, that is, we known that

C ∈ Uρ , {C : λ(QQ′) ≤ ρ}

where ρ ≥ 0 and Q = A−1/2CB−1/2. We consider the linear

unbiased fuser x̂ = G[a′, b′]′ which minimizes the MSE in the

worst case, i.e.,

G = arg min
G∈{G:GH=I}

max
C∈Uρ

E[(x − x̂)′(x− x̂)] (10)

where I is an identity matrix and the constraint GH = I is

needed to guarantee that the fused estimate is unbiased.

The minimax problem (10) can be rewritten as

min
G

max
C∈Uρ

E[(x−GHx−GV )′(x− x̂)]

=min
G

max
C∈Uρ

tr(GRG′) (11)

where V = [v′1, v
′
2]

′ = [(x̂1 − x)′, (x̂2 − x)′]′ and GH = I .

Remark 4: It is the scalar MSE rather than MSE matrix that

is optimized in (10). Otherwise it would be a multi-objective

optimization problem and the partial ordering of semi-definite

matrices would arise, which would make the problem too

complicated to solve. The problem is indeed estimation fusion

with possible cross-covariances C in the set Uρ. So, using the

minimax criterion is natural to guarantee the conservativeness

of the fusion. This will be discussed in Section V.

A. SDP Solution

Theorem 1: The minimax problem (11) is equivalent to

min− tr(X) (12)

subject to X ≥ 0
[

ρI Q
Q′ I

]

≥ 0

[

TRT TR(H ′)+

H+RT H+R(H ′)+ −X

]

≥ 0

where

G = H+[I −R(TRT )+]

T = I −HH+

and the superscript ‘+’ denotes the Moore-Penrose pseudo-

inverse.

Proof: By the saddle-point property, the minimax problem

(11) can be rewritten as

max
C∈Uρ

min
GH=I

tr(GRG′) (13)

The inner minimization problem has an analytical solution (see

[1] for details)

G = H+[I −R(TRT )+] (14)

where T = I −HH+. Thus, the original minimax problem is

equivalent to the following maximization problem

max
C∈Uρ

tr(GRG′) (15)



with G given by (14). By an optimization parameter X ,

problem (15) can be converted to

min− tr(X) (16a)

subject to C ∈ Uρ (16b)

X ≥ 0 (16c)

GRG′ −X ≥ 0 (16d)

where G = H+[I −R(TRT )+] and T = I −HH+.

Constraint (16b) means λ(QQ′) ≤ ρ for ρ ≥ 0, which is

equivalent to
[

ρI Q
Q′ I

]

≥ 0

Since T is a projection, we have

(TRT )+ = (TRT )+T = T (TRT )+

Thus

GRG′

=H+[I −R(TRT )+]R[I − (TRT )+R](H+)′

=[H+R−H+R(TRT )+R][(H+)′ − (TRT )+R(H+)′]

=H+R(H+)′ −H+R(TRT )+R(H+)′

−H+R(TRT )+R(H+)′

+H+R(TRT )+R(TRT )+R(H+)′

=H+R(H+)′ −H+R(TRT )+R(H+)′

=H+R(H+)′ −H+RT (TRT )+TR(H+)′ (17)

From the properties of generalized inverse (see Fact 6.4.19 in

[21]), we have
[

TRT TR(H ′)+

H+RT H+R(H ′)+ −X

]

=

[

I 0
H+RT (TRT )+ I

]

·

[

TRT L
L′ U

] [

I (TRT )+TR(H ′)+

0 I

]

where

L = TR(H ′)+ − TRT (TRT )+TR(H ′)+

U = H+R(H+)′ −X −H+RT (TRT )+TR(H+)′

= GRG′ −X

Since

T = T ′

and

TRT (TRT )+TR(H ′)+

= TR
1

2 (TR
1

2 )′[TR
1

2 (TR
1

2 )′]+TR
1

2R
1

2 (H ′)+

= TR
1

2R
1

2 (H ′)+ = TR(H ′)+

we have

L = TR(H ′)+ − TRT (TRT )+TR(H ′)+ = 0

Thus

[

TRT TR(H ′)+

H+RT H+R(H ′)+ −X

]

≥ 0

⇐⇒

[

TRT L
L′ U

]

≥ 0

⇐⇒ U ≥ 0

due to TRT ≥ 0. This completes the proof.

Instead of minimizing the trace of the MSE matrix in

(12), we can minimize the determinant as in the CI method.

Here, we should use the log-determinant function f(X) =
log det(X), which is concave on dom f = Sn

++, where Sn
++

denotes the set of symmetric positive definite matrices. The

SDP (12) can be solved efficiently by interior point methods.

Many software packages are available for SDPs, such as

SDPT3 [22] and SeDuMi [23].

Remark 5: For the SDP problem (12), we can get the global

optimal solution numerically, but the optimal solution is not

necessarily unique. The SDP software will output the first

optimal point it arrives and we can use it as our result since

all optimal points have the same MSE. This is reasonable. For

example, if the truth is 0, the two estimates 1 and −1 have no

difference in the MSE criterion.

Remark 6: When ρ = 1, the above fusion will not use any

information on cross-covariance: it handles the same problem

as the CI method and is different from CI due to its multiple-

dimensional optimization. We use the example in [24] to show

the advantage of the optimal minimax fusion by SDP over the

CI method. Consider fusion of two estimates with covariances

A = diag(1, 106), B = diag(106, 1)

The CI method and the SDP fusion have the following results

P CI = diag(2, 2) (18)

P SDP = diag(1, 1) (19)

However, we should known that these MSEs are calculated

MSEs not the actual one. So, at least the SDP fusion is not

more conservative than CI. In the following, we show that CI

is an approximation of the SDP fusion with one-dimensional

optimization.

B. Suboptimal Solution

The minimax problem (11) can be approximately simplified

to the following minimization problem

min
G

tr(GR̃G′) subject to GH = I (20)

where R̃ is an upper bound of R. By the BCInf method, R̃
can be chosen to be

R̃ =

[

w+ρ(1−w)
w A 0
0 1

1−wB

]



where w ∈ (0, 1). The optimization problem (20) can be

solved as

P = [
w

w + ρ(1− w)
A−1 + (1− w)B−1]−1 (21)

x̂ = P [
w

w + ρ(1− w)
A−1a+ (1− w)B−1b] (22)

where w is chosen to minimize tr(P ). This approximate

solution amounts to the fusion method proposed in [18] and

we know now that generally this method is suboptimal in the

minimax sense. However, it can be immediately proven that

for the scalar case this method is optimal.

In this paper, we denote this suboptimal method by ρ-CI

since it has a form similar to the CI method except for the

induced allowance degree ρ. For the completely unknown case

(i.e., ρ = 1), ρ-CI reduces to the CI method with w ∈ (0, 1):

P CI = [wA−1 + (1− w)B−1]−1 (23)

x̂CI = P [wA−1a+ (1 − w)B−1b] (24)

For the exactly known case (i.e., ρ = 0), ρ-CI reduces to

P = [A−1 + (1− w)B−1]−1

x̂ = P [A−1a+ (1 − w)B−1b]

which would result in the simple convex combination method

if w is chosen to minimize P .

A notable property of ρ-CI is that for any given w it always

outperforms CI provided ρ 6= 1, i.e.,

P−1 − (P CI)−1 = [
w

w + ρ(1− w)
− w]A−1 > 0

=⇒ P < P CI

So for any case where the cross-covariance is unknown, ρ-CI

should be preferred to CI, although some efforts must be made

beforehand to determine ρ.

Remark 7: For the actual performance of the optimal mini-

max fusion and the suboptimal fusion, it is hard to say which

one is better. It depends on whether the worst case happens

or not.

IV. ALLOWANCE OF CROSS-COVARIANCE W.R.T. A

NOMINAL

We have stated that the defined allowance degree can only

represent the uncorrelated case when ρ = 0. Thus a small

allowance degree just indicates a weak correlation between the

two errors v1 and v2. This is indeed a limitation. For some

applications, we may only know that v1 and v2 are highly

correlated and definition (9) can not cope with this case. In

this section, we propose a formulation of the allowance degree

with respect to (w.r.t.) a nominal normalized cross-covariance

(NCC) for more general cases.

We declare that the allowance degree ρ w.r.t. the nominal

NCC Q̄ defines a feasible set of cross-covariance

Uρ , {C :
1

c
λ[(Q − Q̄)(Q − Q̄)′] ≤ ρ, λ(QQ′) ≤ 1} (25)

where 0 ≤ ρ ≤ 1, c = [1 + σmax(Q̄)]2, σ(·) denotes the

singular value, and σmax is its maximum.

Clearly 1
cλ[(Q − Q̄)(Q − Q̄)′] ≥ 0. From

λ[(Q − Q̄)(Q− Q̄)′] = σ2(Q− Q̄)

≤ σ2
max(Q− Q̄)

≤ [σmax(Q) + σmax(Q̄)]2

≤ [1 + σmax(Q̄)]2

= c

it follows that 1
cλ[(Q − Q̄)(Q − Q̄)′] ≤ 1. Thus the range of

ρ is in [0, 1].
Note that for this formulation, Q̄ needs to be provided,

which is relatively easier than providing the “centered” matrix

Dxy in [18] and the nominal cross-covariance C̄ in [20]

because Q̄ has the “standard” range 0 ≤ λ(Q̄) ≤ 1. For Q̄ = 0,

this formulation reduces to (9). For ρ = 0, the cross-covariance

C is exactly known to be A1/2Q̄B1/2.

In Eq. (25), λ(QQ′) ≤ 1 is not trivial because without it

some infeasible C would be included in the set Uρ. Actually,

λ(QQ′) ≤ 1 is a basic requirement for the possible cross-

covariance and we should keep in mind that this requirement

should be satisfied whenever we determine the set of cross-

covariance. Notice that this requirement is naturally satisfied

in formulation (9).

Next we consider the linear unbiased fuser minimizing the

MSE in the worst case, which amounts to solving the minimax

problem

min
G∈{G:GH=I}

max
C∈Uρ

E[(x− x̂)′(x − x̂)] (26)

where Uρ is defined in Eq. (25).

A. SDP Solution

Similarly, by the saddle-point property, the minimax prob-

lem (26) can be rewritten as

max
C∈Uρ

min
GH=I

tr(GRG′) (27)

and solved by the following SDP.

Theorem 2: The minimax problem (26) is equivalent to

min− tr(X) (28)

subject to X ≥ 0
[

I Q
Q′ I

]

≥ 0

[

ρcI Q− Q̄
Q′ − Q̄′ I

]

≥ 0

[

TRT TR(H ′)+

H+RT H+R(H ′)+ −X

]

≥ 0

where

c = [1 + σmax(Q̄)]2

R =

[

A C
C′ B

]

C = A1/2QB1/2

Proof: Omitted for lack of space.



The optimal fuser x̂ = G[a′, b′]′ is a function of the above

SDP’s solution, i.e.,

G = H+[I −R(TRT )+]

where T = I −HH+.

B. Suboptimal Solution

As in Section III B, we can also simplify the minimax

problem (26) to a minimization problem by R̃ — an upper

bound of R, that is,

min
G

tr(GR̃G′) subject to GH = I (29)

However, obtaining a good R̃ does not seem straightforward.

By the BCInf method, two versions of R̃ can be chosen

R̃1 =

[

w+cρ(1−w)
w A A1/2Q̄B1/2

(A1/2Q̄B1/2)′ 1
1−wB

]

R̃2 =

[

1
wA 0
0 1

1−wB

]

where w ∈ (0, 1). It can not be guaranteed that one is

absolutely better. However, we can see that R̃1 is not good

when c is large since the first diagonal block in R̃1 is

then inflated too much. By choosing R̃2, the fusion method

becomes the CI, which is not what we want, either.

Our practical solution to the above difficulty is choosing

whichever results in better fusion performance: use R̃1 if its

fusion performance is better than CI; otherwise, choose CI

since it is the baseline.

V. CONSERVATIVENESS AND MONOTONE

We describe conservativeness and monotone properties of

the proposed methods in this section. Since Theorem 1 is a

special case of Theorem 2, here we just discuss the method

proposed in Section IV.

A. Conservativeness

Theorem 3: When the actual cross-covariance C∗ is in the

feasible set Uρ having the allowance degree ρ, the calculated

MSE by the minimax method is no less than the actual MSE.

Proof: From C∗ ∈ Uρ it follows that for any G

max
C∈Uρ

tr(GRG′) ≥ tr(GR∗G′) (30)

where R∗ = R|C=C∗ . In particular, this inequality holds for

G = arg min
GH=I

max
C∈Uρ

tr(GRG′) (31)

This completes the proof.

Actually, this property is obvious due to the minimax

criterion used in the derivation of our method.

B. Monotone

Theorem 4: The calculated MSE of the minimax fuser

monotonously increases with the allowance degree ρ, i.e., for

ρ1 ≤ ρ2,

MSEc(x̂1) ≤ MSEc(x̂2)

where x̂i is the minimax fuser corresponding to ρi (i = 1, 2)
and MSEc(·) denotes the calculated MSE.

Proof: Let Gi be the minimax fusion weighting matrix

corresponding to ρi. Since ρ1 ≤ ρ2, from Eq. (25) we have

Uρ1
⊆ Uρ2

Then

max
C∈Uρ2

tr(G2RG′
2) ≥ max

C∈Uρ1

tr(G2RG′
2)

Furthermore, from Eq. (27) it follows that

max
C∈Uρ1

tr(G2RG′
2) ≥ max

C∈Uρ1

tr(G1RG′
1)

due to the optimality of G1. Combining the above two in-

equalities, we have

max
C∈Uρ2

tr(G2RG′
2) ≥ max

C∈Uρ1

tr(G1RG′
1)

that is,

MSEc(x̂2) ≥ MSEc(x̂1)

This completes the proof.

The monotone property demands us to try the best to reduce

the allowance degree ρ as long as the actual cross-covariance

C∗ is in the corresponding feasible set Uρ. The ideal case is

that Q̄ = A−1/2C∗B−1/2 and ρ = 0, which corresponds to

the case that cross-covariance is exactly known.

VI. MAXIMUM ALLOWANCE DEGREE FUSER

In practice, how to determine the allowance degree ρ is not

easy and we should make full use of the prior information

about cross-correlation and the information contained in data.

Thus the allowance degree ρ may be obtained beforehand or

by updating an initial guess through adaptation. In this section,

we propose a method to determine the allowance degree and

give the corresponding fuser. We leave the adaptive algorithm

for the allowance degree as a future topic.

Here, we aim to develop a maximum allowance degree fuser

which guarantees a required estimation accuracy for a ρ as

large as possible. Since ρ denotes the allowance degree of

cross-covariance, a fuser with a larger ρ is less demanding

on the information about cross-correlation and thus has a

relatively wider range of application than a fuser with a smaller

ρ. However, the fusion accuracy deteriorates as ρ increases.

The purpose of designing a maximum allowance degree fuser

is to balance the range of application and fusion accuracy. This

idea has already been used in robust estimation (see, e.g., [25]).



Denote by MSEr the maximum allowable MSE. The prob-

lem is formulated as

max ρ (32)

subject to min
G

max
C∈Uρ

E[(x− x̂)′(x− x̂)] ≤ MSEr

GH = I

where Uρ is defined by Eq. (25). Note that the feasibility (see,

e.g., [26]) of this optimization requires that MSEr could not

be arbitrarily small. When ρ = 0, the fuser has the smallest

MSE, which is the OWLS fusion with the cross-covariance

C = A1/2Q̄B1/2. Denote by MSE(x̂OWLS) the MSE of the

OWLS fusion and then

MSEr ≥ MSE(x̂OWLS)

By the monotone property (Theorem 4), the optimization

problem (32) can be directly solved by the bisection method

as follows.

• Bisection method:

given l = 0, u = 1, tolerance ǫ > 0
repeat

1. t = (l + u)/2.

2. ρ = t
MSEc = minG maxC∈Uρ

E[(x− x̂)′(x− x̂)]
3. if (MSEc < MSEr), l = t

else u = t.
until u− l ≤ ǫ.

This method will output the maximum allowance degree ρ
and the weighting matrix G of the maximum allowance degree

fuser. Note that this method guarantees only MSEc ≤ MSEr.

However, from the conservativeness property, we know that

MSE∗ ≤ MSEc ≤ MSEr

where MSE∗ denotes the actual MSE.

VII. NUMERICAL EXAMPLES

In this section, we provide several illustrative examples to

verify the fusion algorithms derived in the previous sections.

In all simulations, the SDP fused estimates were computed by

using YALMIP [27].

A. Vector Case

Two estimators produce unbiased estimates (x̂1, x̂2) of an

unknown x, with the following MSE matrices

A =

[

2 0
0 2

]

, B =

[

4 0
0 3

]

The cross-covariance of the two estimates is

C =

[

0.4 0.2
0.1 0.5

]

We directly generate the stacked estimate [x̂′
1, x̂

′
2]

′ jointly from

Gaussian distribution N (x;04×1, R) where

R =

[

A C
C′ B

]

In the simulation, we set Q̄ = 02×2 and an allowance degree of

ρ was used rather than the true one ρ∗ = 0.058. The calculated

and actual MSEs of CI, the optimal (SDP solution) fuser and

the suboptimal fuser (ρ-CI) vs. ρ are plotted in Fig. 1 where

MSEc denotes the calculated MSE (i.e., output MSE from

fusers) and MSE∗ denotes the actual MSE. For each ρ, 500

Monte-Carlo runs were conducted.
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Fig. 1. MSEs of the CI, SDP solution, and suboptimal fusion

From Fig. 1, we can see that the optimal fuser has the

smallest calculated MSE. CI is always conservative while

the optimal fuser and ρ-CI are conservative for ρ ≥ ρ∗.

The optimal fuser and ρ-CI both outperform the CI method

especially when ρ is small. When ρ is large, they both

approach CI. For 0.1 < ρ < 0.51, ρ-CI outperforms the

optimal minimax fuser slightly. This has been explained in

Remark 7.

B. Maximum Allowance Degree Fuser

In this example, we verify the maximum allowance degree

fuser. Assume that the two estimates to be fused have the

following covariances

A =

[

2 0
0 3

]

, B =

[

4 0
0 2

]

and their cross-covariance is unknown. If using the CI method,

we get the MSE of 4.9495. Now we want to know what ρ
should be used in our optimal fuser if we want to make an

improvement. The improvement-percentage relative to the CI

method is given in Fig. 2.

As we can see, when the required improvement percentage

is 18%, the resulted ρmax is still about 1. This indicates that

just replacing the CI method with the SDP robust minimax fu-

sion can give about 18% performance improvement wherever

CI is applicable. But this improvement is computed by the

calculated MSE rather than the true MSE. Note, however, the

calculated MSE is never smaller than the true MSE. The actual

performance improvement may be less than 18%. However,

the actual MSE which is smaller than 4.9495 × 0.82% is

guaranteed due to the conservativeness of the proposed fusion.
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Fig. 2. Maximum ρ vs. improvement percentage for the maximum allowance
degree fuser.

VIII. CONCLUSIONS

As we have stated, existing fusion methods are generally

under two extreme cases: completely unknown and exactly

known cross-covariance. Developing a method between these

two extremes is more difficult. A proper parameter containing

information about correlation needs to be formulated and

fusion methods need to be designed.

In this paper, we have proposed a formulation of an al-

lowance degree of cross-covariance and based on this parame-

ter we have derived optimal fusion method by SDP in the sense

of minimizing the worst fused MSE. The conservativeness and

monotone properties of the optimal fusion have been proven.

A suboptimal method has been obtained by one-dimensional

optimization approximation of the optimal one. Also, we have

proposed a maximum allowance degree fuser to handle the

problems of determining the value of the allowance degree

and the fuser design in practice. Numerical examples have

verified the performance and properties of our proposed fusion

methods.

For the dynamic case, determination of the allowance degree

online may be preferred and such method as the adaptive one

in [19] will be studied.
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